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Abstract. The aim of this paper is the mathematical study of a general class of semicoercive
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1. Introduction

Hemivariational inequalities have been introduced by P.D. Panagiotopoulos [15],
[16] as the variational formulation of an important class of unilateral or inequality
problems in Mechanics. Hemivariational inequalities then appear as a mathemati-
cal formulation of variational principles for nonconvex, nonsmooth energy problems.
They are based on the concept of generalized gradient introduced by F. Clarke and
on the corresponding mechanical notion of non convex superpotential [15]. Tt is
worthwhile to notice that hemivariational and variational hemivariational inequal-
ities have been proved very efficient to describe the behaviour of several complex
structures such as multilayered plates, adhesive joints, composite structures, etc. ..

A complete discussion about the physical problems treated by this theory is out
of scope of the present work. The interested reader is refered to [12-18] for more
details concerning the applications. Our aim in this paper is only to provide neces-
sary and sufficient conditions for the existence of solutions of a general variational
hemivariational inequality.
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Let V be a real separable Hilbert space with topological dual V* such that
VvV cIL}Q) cv,

where {1 is an open bounded and regular subset of R™. We assume that the injection
V — Lz(Q) is dense and compact. The norms in V and in Lz(ﬂ) are denoted by
|| - || and || - ||z2, respectively.

Let a : V X V — R be a continuous bilinear form. We introduce the mapping
A € L(V,V*) (where L(V, V") denotes the space of bounded linear mappings from
V into V*) defined by

< Au,v >:= a(u,v), Yu,v€V.

We denote by R(A) the range of A, by Ker A the kernal of A, i.e., Ker A = {z €
V| A(z) = 0} and by A" the corresponding transpose operator of A. It is also
assumed that a is semicoercive, i.e.,

there exists ¢> 0 such that a(u,u) > c-|u||?, Yu € Ker (44 4%)".

identically equal to Let f: V — IR be a Lipschitz function near z, i.e., there exists
a neighbourhood N(z) of = and a constant C > 0 depending on & such that :

If(u) = f()] > C-llu—vll, Vu,veN(2)

Suppose f is Lipschitz near z. Then, the Clarke generalized directional derivative
of f at @ in the direction d is denoted by f°(z,d) and is defined by

(2, d) := limsup LE TR = f@HH)
t10, h—0 1

The generalized gradient of f at = is denoted by BCf(m) and is defined to be the
subdifferential of the convex function f°(z,d) at 0. That is

Cf(z) ={weV*| <w,d> > f(z,d), VdeV}.

Let f be Lipschitz near . We say that f is 8 ~ regular at z, if the Clarke
derivative agrees with the standard directional derivative:
flz +td) — f(=z)

fo(e,d) = tli(r)l’_‘l_ ; .

The class of 8¢ — regular functions includes the class of convex functions and the
class of maximum-type functions, i.e., functions of the type f = max{®i,---, &},
where &; (i =1,---,m) are smooth functions.

Let us recall some basic well known facts about the Clarke generalized directional
derivative [8]:
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Lemma 1 (i) The function d — f°(z,d) is finite, positively homogeneous, subad-
ditive and then convez;
() Yo € V, there ezists a constant C > 0 such that :

|f°(1:,d)| > C'”d”: Vd € X;

(iii) The function d — f°(z,d) is continuous;
() £°(z,—d) = (=£)°(=,d);
(v) For eachd eV,
fo(2,d) = max{< £,d > [ £ € 9°f(a)};
(vi) If = is a local minimum for f, then
0 € 9° f(=);
(vii) f°(z,d) is upper semicontinuous as a function of (z,d).

Throughout the paper, we suppose that the assumptions described below are
satisfied :

(H1) a:V x V — IR is bilinear, continuous and semicoercive;
(H2) dimKer (A + A*) < +5;

(Hs) @ : V — (—B,+0] is a convex lower semicontinuous functional such that
@(0) = 0;

(H4) 7 : R — R is Lipschitz continuous, i.e., there exists C' > 0 such that
li(z) = i(¥) < kle—y|, foralle,yeR;

(Hs) §(0) € L*(92).

We adopt the notation ” — ” and ” — ” to denote the convergence with respect
to the strong and the weak topology, respectively.

A variational hemivariational inequality is the problem of finding an element
% € V such that

a(u,v—u)—l—/ Po(u,v—u)dQ +B(v) - B(w) > <fiv—u>, VeV
Q

In the rest of the paper, this problem will be denoted by (P).

The following lemma will be useful:
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Lemma 2 Suppose that assumptions (H4) and (Hs) are verified. Let us denote
for each u € L*():

I(u) = / 3(u) dS2.
Q
Then
(i) I is defined and Lipschitz continuous on L*(9);

(%) Io(u; v) is weakly upper semicontinuous on V as a function of (u,v), t.e.,

Up — U, Uy — v = limsupI®(un;vs) < I%u;v). (1)

n—+4o0
() /S;jo(u(w),v(w)) dQ > I°(u;v), Vv e L3(Q);

() [ 1), (o)) < - ol (€ >0) VeeV;

(v) I°(w,-) lv > (T |v)°(u, ).

Proof. (i). If pu denotes the n-dimensional Lebesgue’s measure, then by assumption
(H4), we have

I(u) = I(v)| < k- /B(Q)||u—v||z2, VYu,ve L*(Q).

By virtue of (Hs), then I(0) < +o0 and thus I is defined and Lipschitz continuous
on L*(Q).

(ii). I is locally Lipschitz and thus by Lemma 1 (6), the mapping I°(-;-) is upper
semicontinuous on L%(Q) x L%*(2). Therefore, we conclude to the weak upper
semicontinuity on ¥V x V by using the compact embedding V — Lz(Q).

(iil). See [8] (Theorem 2.7.5).
(iv). We have,

/n 1 (u(w), v(w))| 4O < / B ()] 9 < k- JE(9) - [ollza-

Moreover, due to the continuity of the embedding V «— L?*(Q), there exists a
constant 8 > 0 such that

ollz < B-[loll, Vv eV,

and we get the desired result by setting C := k8./p(02).
(v). See [T]. m]
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Let X be a real Banach space and let G: X — IR U +{oo} be a functional. We
call recession function of G ([1]), the function

G(t
Gp(z) := limint ()

vz

G(t
— inf liminf Gn%)
tn—f n—+o0

n
YVp—T

The term “recession function” has been used previously in convex analysis [19]
to denote the functional ¥, associated to a convex lower semicontinuous function
¥ : X — IRU{+o0} supposed to be proper, i.e. such that,

Dom ¥ := {z € X| ¥(z) < o0}

is nonempty. In this case,

Too(a) = lim S0t 12) = ¥(2o)

t—+o0 t

where z, is taken arbitrarily such that ¥(z0) < +oo.

In the general case, Baiocchi et al. [3] introduced a notion of topological reces-
sion function related to the concept of recession function associated to a nonlinear
operator in the sense of Brézis and Nirenberg [4]. Recently, Attouch et al. [2], used
another concept of recession operator in order to develop a new approach of the
solvability of a generalized equation governed by a maximal monotone operator.

Finally, let us recall that the recession cone K of a closed convex subset K of
X is the set of those = for which there exist sequences {t, }nen and {Zn}nen C K
such that lim %, = +ocand z = lim t;lzn.

n—+oo n—+oa

It is easy to see that Kg = Dom (¥ )g, where for a convex subset C, ¥ denotes

the indicator funciion of C and is defined by

0 ifz e,
‘I’c(z) =
+o0, ifz ¢ C.

These different concepts of recession funtion were widely used in [1] to prove the
solvability of a general class of noncoercive, nonmonotone and nonlinear variational
inequalities. In this paper, we introduce a concept of recession function associated
to the Clarke generalized directional derivative of a locally Lipschitz function and
we show how this notion permits to derive new results concerning the solvability of

Problem (P).

Definition 1 Let j : R — IR be a locally Lipschitz function. We introduce and
denote by {J°}g the recession function associated to the function G : V — R and
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defined by ¢ — G(z) ::/ —j%(z, —z)dQ, i.e. :
Q

{Ja}ﬂ(m) = liminf/ —7°(tv, —v) dQ
28 Ja

= liminf/ —(=7)° (v, v)dQ
28 Ja

Remark that if j is §°-regular on R, then

{(7°}oo(2) = liminf / (v, v) d2.
ok Ja

2. Necessary conditions for the existence of solutions

The following propositions give necessary conditions for the existence of the solu-
tion.

Proposition 1 Assume that assumptions (H1) through (Hs) are satisfied. Let u
be a solution of Problem (P).

(i) Then
< fig>> /nj"(u, q)dQ + ®,(q), Vg€ Ker A.
Moreover, there ezists a constant ¢ > 0 such that :
<f,4>> [@ao(g)l +c-llgllzr, Vg €Ker 4,
where || - |11 denotes the norm in L'(R),
(i) If
(A) B is odd

(B) j is 8-regular

then
< f,q>= / i°(¢,9)dQ+ @(q), Vg € Ker A.
Q

(i) Let K be a nonempty closed convex set. If ® is the indicator function ¥k of a
closed convez set K, then

/j"(u,q)dﬂ >< f,g>, Vg€ KgnKer A.
)
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Moreover, there exists a constant ¢ > 0 such that :

< f,g>> c-||gllzr, g € KgnKer A.

Proof. (i). Let u be a solution of (7). Then
a,(u,v——u)—l—/nj"(u,v—u)dﬂ—l-i?(v) —®u) >< fiv—u> WweV
Let ¢ € Ker A and set v := u + g. We have
/ﬂjo(u; g)dQ+ ®(u+q)—®(u) > < f,4>,Yg € Ker A,
Thus, [5], [Proposition 1, ii]
/ﬂj"(u, 9)dQ+ ®5(q) > < f,g>, Vg€ Ker A.

Moreover

<fig>>

/ j"(u,q)dﬂlﬂ%(q)l-

By assumption (H4)
|7°(u, q) > klal,
and thus
< fig>> k-llgllz: + 120 (9)l-

(ii) By (i) we have also
/ 7°(u, —q)dQ + Peo(—q) > — < f,g4>, Vg€ Ker A
Q

Since @, is odd, then ®o(—g) = —Po (g). Combining the facts that by Lemma 1
(iv), 7°(w, —q) = (—7)°(u, g) and that if j is 8-regular then (—5)°(u, q) = —7°(u, ¢),we
obtain:

/ 7°(u,9) dQ+ @o(9) > < f,g>, Vg€ Ker A. (2)

Q

Thus, (2) combine to (i), yields (ii).
(iii). If & is the indicator function of a nonempty closed convex subset K, then

u» € K and

a(u,v—u)+/j°(u,v—u)dﬂ >< f,v—u>, VYvcKk.
Q
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If g € Ky then v:=u+gq € K, so that
/ja(u"q) dQ Z<f;‘1>, qu.KogﬂKeIA. ]
Q

Let 8 € Lj;.(R) and suppose that j is obtained from 8 by a simple integration,
ie.,

¢
i(€) = / B(t)dt. (3)

We assume that there exists two constants 8. € RU{—oo} and By € RU {+o0}
such that

B > BE) > Br, VEER
We have the following result:
Proposition 2 Let j be defined by (3). Let u,q € V, we have :

/ﬂ_-q+—ﬂ+-q‘ da > /j"(u,q)dﬂ > /ﬂ+-q+—ﬂ—-q‘dﬂ,
0 Q Q

where ¢t := sup{0, ¢} and q :=sup{0, —q}.
Proof.

u+h+Ag
/j"(u,q) aQ = / lim sup 1//\/ B(t)dt | dQ
Q Q \A—0+,h—0 u+h
u+th+ig
:/ lim sup 1//\/ B(t)dt | dQ2
Q+ A—0+,h—0 uth

u+h
/ ( lim sup 1//\/ —,B(t)dt) dQ
- \J=0+,h—0 uthtig

Ot :={z € Q| g(z) > 0} and O := {z € Q| ¢(z) < 0}.
It is then easy to see that

[Fwoda > [ p-ada+ [ po-qdn
Q Q+

+

where

Q-
= [Bi-at-p-gdn
Q
Similarly, we prove that

/ﬂ—'q+“ﬂ+'q_d9 > /j"(u,q)dQ. 0
L Q

Combining Proposition 1 and Proposition 2, we derive the following result:
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Proposition 3 Let j be defined by (3). If u is a solution of Problem (P) then the
following relations hold true.

(%)

/{;,34. gt —pB- -qg dQ4+P(q) > < f,g>, Vg € Ker 4;
(ii) If ® is odd, then
/ﬂﬁ— g B¢ dU+B(q) > < fig> > <bm(q)+/n Bi-qt—B_-¢g~dQ, Vg Ker.
(i1i) Let K be a nonempty closed convez set. If & := Vg then

[ Be-a"—p- a7 d2 2 < fia>, Vg€ KeoKer 4
Q

Remark 1 Let us define
B(—o0) := limsup B(£€),

g——oo

and
B(+0) i= lim infA(¢).

Suppose that
B(—o0) > B(€) > B(+oo), VEER.
Then a necessary condition for the existence of a solution u € V for Problem

(P) when & = 0 is the following one which had already been obtained by P.D.
Panagiotopoules [13]:

/,3(——00)-q+—-,3(+oo)-q_ dQ > < f,g>> /,3(_+oo)-q+—,3(~oo)-q" d?, Vg€ Ker A.
Q v

3. Sufficient conditions for the existence of solutions

Theorem 1 Assume that assumption (Hy) through (Hs) are satisfied. If
{I}o(w) + Bo(w) > < fiw>, Vw € Ker (4 + A*)\{0},
then Problem (P) has at least one solution.
Proof. Part 1. Let C be a nonempty weakly compact subset of V. Suppose that
0 € C and define
g(u,v) := a(u, v —v) — Iy (u,v~u)+ &)~ ()~ < fu—v>.
We remark that :
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(a) ®(0)=0< +oo
(b) g(u,u) > 0, forallue C,
(c) g(u,-)is concave for all u € C.

Using assumptions (1) through (s) and Lemma 2 ii), then g(-, v) is weakly lower
semicontinuous on V for all v € C. Thus, by the Ky-Fan inequality [11], there exists
u* € C such that

g(u™,v) > 0, VveCl, ie,

a(u*, v —u*) + IS (u*,v—u*) + &(v) — B(u*) > (f,v —u*), WwcC.
Thus, by Lemma 2 (iii) and (v), the following relation is satisfled for all v € C:

a(u*,v —u) +/ PPut,v—ut)dR+ B(v) - B(u) >< fiv—ut>. (4)
Q

Part 2. Let define
R: = {weX|Jun €V, t,:=|tn]| = +00, Wn :=un/||ttn|| = w and

a(tn, un) — Lj”(un, —u,)dS -|- B(un) > < fyun >}

We will prove that if R is empty then Problem (7) has at least one solution.
If B, :={v € V||jv|| > n}, by applying Part 1, there exists u, € B, such that

a(Un, v — uy) + / 3%(tn, v — un)d2+ 2(v) — B(un) > < fyv—un >, Vv €B,.
Q
We prove that ||ug|| < k for some integer k. Indeed suppose on the contrary that
||un|| = n, for each n € IN \ {0}. On relabeling if necessary, the sequence defined
by w, := n 'y, — w and satisfies
a(tn, upn) — / 7% (tny ~un) dY + @(un) > < fun > .
Q

This implies w € R and a contradiction.

We prove now that u; solves (P). Indeed, for each y € V, there exists € > 0 such
that ug + e(y — ux) € Bg. Take ¢ < [k — {jue]|]/[||ly — u&l|] if your and € = 1 if
y = uy, and put v = ug + €(y — ug) in (4). Then we have
e-a(uk,y—uk)+e~/ 3% (ug, y—up) dQ+@(ur+e(y—ug ))—2(ur) > e < fy—ur > .

Q

Hence, by using the convexity of @, we derive

a(uk,y—uk)-i'/ja(“k,y—uk)d9+¢’(y)~—q’(uk) >< fiy—up >, VyeV.
Q
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Part 3. It remains to prove that R is empty. Suppose on the contrary, there exists
a sequence {u,}nen such that u, € V, t, := ||un|| — o0, w, := ]|u,1]|_1u71 — w,
and

a(un, un) — Ljo(“n:_%) dQ+ &(un) > < fiun >. (5)

Since @ is a proper lower semicontinuous function, there exists @; > 0 and a3 € IR
such that
®(z) > —ailjz|| - @2, VzeV.

We have

n—-+4o00 n—-+4o00

liminfa.(wn,wn)+lirninf—/j"(un,—u.n)/t,zldQ+lim£nf(—oq||un]|—ozz)/t,zL > 0.
Q n—-—100

By Lemma 2 (iv), we have

[ 3=z > colunlz > o fonlfn = cftn
Q
Thus
—c/tn > _‘/ jo(um_un)/tidﬂ > cftn,
Q
so that

n—+4o00

lim inf — / 7° (tn, —un)/t2 dQ2 = 0.
Q

Thus lim 4inf a{wp,w,) = 0, and on relabeling if necessary, we can suppose that
n—+0o0

wy, — w € Ker (4 4 A"), ||w|| = 1 (see [10] for more details). Consider (5) for this
subsequence, and divide by t,,. We obtain

lim infa(tnwn,wn)+liminf—/ 7 (tnwn, —wn) dQ+Hminf ®(t,wn)/tn > < f,w, >,
n— 400 n— Q n—+4o00

+o0

and thus
{7} oo(w) + Boo(w) > < f,w >,

which is a contradiction, |
Proposition 4 Let j be defined by (8). We assume that
(a) —oo < B(—0) > B(€) > B(+o0) < +o0, VEER,

(b) B € C°(R\B(0, R)), for some R >0, with B(0, R) := {z € R| |z| > R}.

Then

(i} j is Lipschitz continuous;
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(i) 3(0) € L*(Q);
(i) {7}eo(w) 2 [ Ale0)-a* = B(e0) 9™ do
Proof.
Part (i). Let z,y € R. Clearly,
li(z) — i(¥)l > max{|B(—o0)l, |B(+o0)} - |z —y|.
3
Part (ii). By (3), i(€) = /(; B(t)dt. Thus, /s;j(O) d2 = 0. As aresult, j(0) € L}(Q).
Part (ii).

tngnth+ign
= inf lim inf/ —limsup—1/A / B(r)dr | dQ2
Q t

dn—¢ n—-+4oo

tn—+00 >‘h_:>00+ ngnth
tngnt+h+ign
= qirlf:q liminf/ lim inf 1/A/ ,B(r)dr ds.
e T Ja A0 tngnth

Let ¢, € V, t, — oo such that ¢, — ¢ in V, /—{«j}"(tﬂ “Qn,qn) dQ —

Q
{J°}oo(w). Since V is compactly imbedded in L*(f2), ¢, — ¢ in L*(Q). Extracting
a subsequence, we can always assume that g,(z) — ¢(z) a.e. on Q and that there
exists some fixed function h € L(Q) such that |g.| > h, for each n.

Let define

tngnthtign
n = liminf 1/ dr.
fo= a1 / Ay

It suffices to observe that

fa < max{|B(—o0)l, |B(-+00)[} - |-

Indeed, if ¢ > 0, then |f.] > |B(+o0)|- |h|, and if ¢, < 0, then |fu| >
|B(—00)|-|h|. A simple application of the Lebesgue dominated convergence Theorem
then yields:

tngatht+Agn
lim inf / liminf 1/A B(t) drdQ
Q

n—o0 A—0+,h—0 tngnth

tngnthtign
> / liminf  1/A B(r)drds.
Q

n—00,A—=0+ A0 tndnth
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Set
QF = {z € Q| ¢(z) > 0},

Q" = {z € Q| ¢(z) < 0},

and
Q° := {z € Q| ¢(z) = 0}.

e On Q7% and for n large enough, by the Mean Value Theorem we have,
ingnt+htAga
/ Br)dr = BGa)Aar,
tngn+h
for some {, € [tngn + h;tngn + h + Agn]. Since {, — oo,we derive

tndntAgn
/ ILII_lbinf 1/)\/ B(r)drdQ > / ﬁ(+oo)-qdﬂ:/ﬁ(+oo)~q+d9.
o+ x t o+ Q

A—0t, h—0 adnth
e On Q7 and for n large enough :
tngnth
/ ~B(r)dr = BE)An,
ingnth+Agn
for some &, € [tngn + h + Agn, tngn + h]. Since £, — —oo, we derive
tagnth+Agn
/ lim inf 1/)/ B(r)drdQ > / B(—00)-qdQ2 = —/ B(—00)-q~ dQ2.
27 250t h-0 tngnth Q- Q
e On 0%

tadnt+h+Ags
/ lim inf 1/)\/ B(r)dr dS2
Q t

® A=0t, R0 ndnth

> max{|8(~co)l, |B(+o0)} - [ liminflgal et =o0.
Qo n—™
Thus
%) 2 [ Bl+oo) gt~ f(-o0)-qdR. O
Q
Corollary 1 Let j be defined by (3). We assume that
(i) —oo < B(—00) > B(€) > B(+00) < +00,VE ER,

(#) B € C°(R\B(0, R)), for some R > 0.
Assume that assumptions (H1) through (H3) are satisfied
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Aﬁ(+oo)-q+ —B(—00)-g7 d2+ P (w) > < fyw >,Vw € Ker (4+A4")\{0},

then Problem (P) has at least one solution.

Remark 2 (i) If & is positive and positively homogeneous of order 1 then ®(w) =
o (w).

(ii) If ® is positive and positively homegeneous of order o > 1 then ®(w) =
¥ker #(w) and condition (A) reads as follows :

(4") /s;ﬂ(+oo)-q+ —B(-0)-¢~ d > < f,w >, Yw € Ker (A+A")nKer \{0}.

(iii) If  is positively homegeneous of order 1 > a > 0 then ®oo(w) = ¥pom 2(w)
and condition (A) reduces to the following form :

(4”) /n B(+o0)-gT—B(~0)-g" dQ2 > < f,w>, Yuw € Ker (A+A*)NDom &\{0}.
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